We obtain a version of the theorem of the square and a local structure result for actions of connected algebraic groups on seminormal varieties in characteristic 0, and arbitrary varieties in positive characteristics.
Introduction and statement of the main results
Consider a connected algebraic k-group G acting on a normal k-variety X, where k is a field. When G is linear, every line bundle L on X is G-invariant, and some positive power L ⊗n is G-linearizable. Moreover, X is covered by G-stable open subvarieties which admit equivariant embeddings into projectivizations of G-modules.
These fundamental theorems, due to Sumihiro (see [Su74, Su75] ), do not extend to actions of arbitrary algebraic groups: they fail e.g. for the action of an elliptic curve on itself by translations. But some analogues are known when k is algebraically closed: firstly, the theorem of the square, which asserts in loose words that the polarization map G(k) → Pic(X), g → g * (L) ⊗ L −1 is a group homomorphism (a more general result is due to Raynaud in the setting of group schemes, see [Ra70, Thm. IV.3.3]). Secondly, X is covered by G-stable open subvarieties which admit equivariant embeddings into projectivizations of G-homogeneous vector bundles over abelian varieties, quotients of G (see [Br10, Thm. 1 
, Thm. 2]).
In this article, we extend the theorem of the square and the above local structure of G-actions to possibly nonnormal G-varieties. We use results and methods from our article [Br14] (based in turn on work of Weibel in [We91] ), which extends Sumihiro's theorems to seminormal varieties in characteristic 0, and to all varieties in positive characteristics, with the Zariski topology replaced by theétale topology. The first results along these lines are due to Alexeev for proper seminormal varieties and their families; he also obtained a version of the theorem of the square for actions of semiabelian schemes (see [Al02, Sec. 4 
]).
To state our main results in a precise way, we introduce some notation and conventions. We consider schemes and their morphisms over a fixed field k. Schemes are assumed to be separated, and of finite type unless otherwise stated. For any group scheme G, we denote by (x, y) → xy the multiplication in G, and e G ∈ G(k) the neutral element. A G-scheme is a scheme X equipped with a G-action α : G × X → X, (g, x) → g · x. A variety is a reduced scheme. An algebraic group is a smooth group scheme.
Also, we briefly recall the notion of seminormality: a reduced scheme X is seminormal if every integral bijective morphism f : X ′ → X which induces an isomorphism on all
In particular, by pulling back L to {g} × {h} × X for g, h ∈ G(k), we see that the line bundle (gh)
) ⊗ L is n-torsion; this is closer to the classical formulation of the theorem of the square. More generally, the assertion on L is equivalent to the assignement G → Pic X , g → g * (L ⊗n ) ⊗ L ⊗−n being a homomorphism of group functors. Here Pic X denotes the Picard functor, S → Pic(X × S)/p * 2 Pic(S). In view of [Ra70, Prop. IV.3.1], it follows that the assertion amounts to the (seemingly quite different) formulation of the theorem of the square in [loc. cit., IV.1.4].
As a special case of [loc. cit., Thm. IV.2.6], the assertion of Theorem 1.1 holds with n = 1, if k is perfect and X is geometrically normal and geometrically integral. This does not extend to connected schemes over a field of characteristic p > 0, as shown by the example of the cuspidal cubic curve (y 2 z − x 3 = 0) ⊂ P 2 k on which G = G m acts via t · (x, y, z) := (t 2 x, t 3 y, z): then the theorem of the square fails with n = 1 (see [Al02, 4.1.5]), but one can check that it holds with n = p.
As for earlier versions of the theorem of the square, we deduce Theorem 1.1 from a version of the theorem of the cube, which may have independent interest: Theorem 1.2. Let G 1 , G 2 be connected group schemes, X a connected scheme (assumed seminormal if char(k) = 0), and L a line bundle on G 1 × G 2 × X. If the pull-backs of L to {e G 1 } × G 2 × X and G 1 × {e G 2 } × X are trivial, then there exists a positive integer n and a line bundle M on G 1 × G 2 such that L ⊗n ∼ = p Definition 1.3. Let G be a connected algebraic group and A an abelian variety, quotient of G by a normal subgroup scheme H.
(i) We say that a vector bundle π : E → A is G-homogeneous if the scheme E is equipped with an action of G which commutes with the natural action of G m and lifts the G-action on A = G/H by translations. Equivalently, E is the vector bundle G × H V associated with some H-module V .
(ii) We say that a G-scheme X is G-quasiprojective if it admits an equivariant embedding in the projectivization of some G-homogeneous vector bundle. (iii) We say that a G-scheme X is locally G-quasiprojective if it admits anétale covering (f i : U i → X) i∈I , where each U i is a G-quasiprojective scheme, and each f i is G-equivariant.
When G is linear, the G-homogeneous vector bundles are just the G-modules, and hence the above notion of (local) G-quasiprojectivity gives back that of [Br14, Def. 4 .6]; in this setting, G-quasiprojectivity is equivalent to the existence of a G-linearized ample line bundle. On the other hand, given a abelian variety A, the vector bundles on A which are G-homogeneous for some extension G of A are exactly the translation-invariant bundles; over an algebraically closed field, they have been classified by Miyanishi Theorem 1.4. Let G be a connected group scheme and X a quasiprojective G-scheme (assumed seminormal if char(k) = 0). Then X is locally G-quasiprojective.
A key ingredient of the proof is the following: Theorem 1.5. Let G be a group scheme, H ⊂ G a subgroup scheme such that G/H is finite, and X an H-scheme. If X admits an H-linearized ample line bundle, then it also admits a G-linearized ample line bundle. Theorem 1.5 is proved in Section 3. Note that given G, H, X as in that theorem, and an H-linearized ample line bundle L on X, it may well happen that no positive power of L is G-linearizable (e.g., when G is the group of order 2 acting on X = P 1 ×P 1 by exchanging both factors, H is trivial, and L has bidegree (m, n) with m = n). So we construct the desired line bundle by a process of induction, analogous to that of representation theory.
The proof of Theorem 1.4 is presented in Section 4; it combines reduction steps as in the proof of Theorem 1.2, with arguments from [Br10] .
Finally, we construct a projective seminormal surface X equipped with an action of a semiabelian variety G with a unique closed orbit, and such that no finiteétale cover of X is G-projective. As a consequence, Theorem 1.4 fails for a stronger notion of local Gquasiprojectivity, where the morphisms f i are assumed to be finite. In characteristic 0, the seminormality assumption in that theorem cannot be suppressed, as shown by the example of the cuspidal cubic curve X equipped with its action of G = G a (indeed, one checks that everyétale G-equivariant morphism f : U → X with image containing the singular point is an isomorphism; also, X is not G-projective in view of [Br14, Ex. 2.16]). We do not know if Theorem 1.4 extends to arbitrary G-schemes (seminormal in characteristic 0), without the quasiprojectivity assumption.
Proof of Theorem 1.2
We will need a preliminary result on Picard groups of torsors, based on results and methods from [Br14] . To formulate this result, we introduce some additional notation, which will be used throughout this article.
We fix an algebraic closurek of k. For any scheme X and any field extension k ′ /k, we denote by X k ′ the scheme obtained from X by base change to k ′ . Also, we denote by O(X) the k-algebra of global sections of the structure sheaf, and by O(X) * the group of units of that algebra. If X is a G-scheme for some group scheme G, we denote by O(X) G ⊂ O(X) the subalgebra of G-invariants, and by Pic G (X) the group of isomorphism classes of Glinearized line bundles on X. When G is an algebraic group, its character group may be viewed as anétale sheaf over Spec(k), that we denote by G.
Next, consider a connected algebraic group G and a G-torsor f : X → Y for theétale topology, where X and Y are varieties. If G is linear (and in addition reductive when k is imperfect) and if Y is smooth and geometrically integral, then there is a natural exact sequence
and Pic(G) is finite (see [Sa81, Sec. 6] for these results and further developments). In particular, the cokernel of the pull-back map Pic(Y ) → Pic(X) is n-torsion for some n = n(G). 
where χ assigns to anyétale morphism V → Y and to any ϕ ∈ O(V × Y X) * , the character
where γ is the characteristic homomorphism that assigns to any λ ∈ G(X), the class of the associated line bundle on Y .
(iii) The pull-back by f yields isomorphisms
and an isomorphism for any geometric pointȳ of Y
(v) The exact sequences (3) and (5) are compatible with pull-backs in the following sense: For any homomorphism of connected algebraic groups ϕ : G → G ′ and any commutative square of morphisms of varieties X
identically, the formation of (3) and (5) commutes with pull-backs by ϕ, ψ and η.
is n-torsion for some positive integer n depending only on G.
Proof. Remark 2.2. For any G-variety X, there is an exact sequence
where ϕ denotes the forgetful map, and ψ the obstruction map that assigns to L the image of α
. When X is the total space of a G-torsor, (6) gives back the first 4 terms of the exact sequence (3) in view of the isomorphisms (4). On the other hand, when G is linear and X is normal, (3) can also be related to (6) by using the fundamental construction of equivariant intersection theory (see [EG98, To99] ): there exists an affine space V on which G acts linearly, and a G-stable open subscheme U ⊂ V having a quotient U → U/G which is a G-torsor, and such that V \ U has codimension at least 2 in V . Then we have an associated torsor
This identifies the first 4 terms of (6) with those of the exact sequence (3) for the torsor X × U → X G .
We will need another preliminary result, on iterated Frobenius morphisms. Assume that k has characteristic p > 0. Given a scheme X and a positive integer r, we denote by
the rth relative Frobenius morphism considered e.g. in [SGA3, Exp. VIIA] (when k is perfect, this coincides with the rth Frobenius morphism of [Ja03, I.9.2, App. F]). Recall that the formation of F r commutes with products and base extensions. Also, for any group scheme G, the rth twist G (r) has a natural structure of group scheme such that F Lemma 2.3. With the above notation and assumptions, consider a group scheme G, a G-scheme X, and a line bundle L on X; denote by F r (X) ⊂ X (r) the scheme-theoretic image of F r X . (i) F r X is finite and bijective, and X (r) is of finite type. Moreover, the formation of F r (X) commutes with products.
(ii) F r (X) is geometrically reduced for r ≫ 0.
X . Thus, we may assume that r = 1. Since F X is affine, we may also assume that X is affine. Let X = Spec(A); then the comorphism F # X is the map k ⊗ F A → A, t ⊗ a → ta p , where k ⊗ F A denotes the tensor product of k and A over k acting on k via t · u = t p u, and on A via t · a = ta. In particular, the image of F # X is the k-subalgebra of A generated by all pth powers. Also,
by raising all coefficients to the pth power. This implies readily our assertions.
(ii) As above, it suffices to treat the case where r = 1 and X = Spec(A); then
We may further assume that k is perfect, as the formation of F X commutes with field extensions; then F # X (k ⊗ F A) is the k-subalgebra of A consisting of all pth powers. Since the k-algebra A is finitely generated, there exists a positive integer n such that a n = 0 for any nilpotent a ∈ A. It follows that F (X) is reduced for any r such that p r ≥ n. (iii) We may reduce again to the case where r = 1. If L is the trivial line bundle X × A 1 → X, then so is L (1) , since F commutes with products and takes A 1 to A 1 . If L is an arbitrary line bundle on X, then we may choose local trivializations (U i , η i ) i∈I , where the U i form a covering of X by open affine subschemes, and
Then L is defined by the cocycle (ω ij := ( End of the proof of Theorem 1.2. When G 1 , G 2 are abelian varieties and k is algebraically closed, the assertion follows from the classical theorem of the cube (see [Mum70, Chap. III, §10]). We will reduce to this setting in several steps.
We first show that we may assume X geometrically connected. Consider the canonical morphism f : X → π 0 (X), where π 0 (X) denotes the (finiteétale) scheme of connected components. Since X is connected and of finite type, there exists a finite separable extension k ′ /k of fields such that π 0 (X) = Spec(k ′ ). Denote by K the Galois closure of k ′ ink, and by Γ the Galois group of K/k.
. It follows that the connected components of X K are geometrically connected and permuted transitively by Γ. Choose such a component X ′ and denote by Γ ′ ⊂ Γ its stabilizer. Since the natural map X K → X is a finite Galois cover with group Γ, its restriction to X ′ yields a finite Galois cover π : X ′ → X with group Γ ′ . Moreover, the assumptions of the theorem hold for the field K and ( 
. Thus, we obtain as above
We now show that we may further assume G 1 , G 2 smooth and X reduced, under the assumption that char(k) > 0. By Lemma 2.3, the assumptions of Theorem 1.2 still hold when
by using Lemma 2.3 again. Next, we show that we may also assume X seminormal, again under the assumption that char(k) > 0. Consider indeed the seminormalization σ : X + → X. Since G 1 and G 2 are smooth, the morphism
is the seminormalization as well, by [GT80, Prop. 5.1]. Moreover, X + is connected (since σ is a universal homeomorphism), and (id G 1 ×G 2 × σ) * (L) pulls back to the trivial bundles on {e
is an isomorphism up to p m -torsion for m ≫ 0 (see [Br14, Lem. 4 .11]). So we assume that k is algebraically closed (of arbitrary characteristic), G 1 , G 2 are smooth, and X is connected and seminormal. By Chevalley's structure theorem (see [Co02] and [Mil13] for modern proofs), each G i sits in a unique extension
where H i is a connected linear algebraic group, and A i an abelian variety. The morphism
is a torsor under the connected linear algebraic group H 1 ×H 2 ; also, note that G 1 ×G 2 ×X is seminormal. In view of Lemma 2.1 (iv), (vi), it follows that there exists n = n(G) such that the class
We may thus replace L with L ⊗n , and assume that
is an H 2 -torsor and sits in a commutative square
This square and the homomorphism e H 1 × id H 2 : H 2 → H 1 × H 2 satisfy the assumptions of Lemma 2.1 (v). By that lemma, we obtain two commutative squares
where the horizontal arrows of the latter diagram are injective. Since L pulls back to the trivial bundle on {e
Since e A 1 ×A 2 × id X is a section of p 3 , we see that (e A 1 ×A 2 × id X )
* is the inverse of p * 3 . Likewise, we have an isomorphism
with inverse (e A 2 × id X ) * . Moreover, these isomorphisms sit in a commutative square
is an isomorphism. This completes the proof of the claim. By that claim and Lemma 2.1 (ii), there exists a line bundle M on
* (M −1 ) pulls back to the trivial line bundle on {e A 1 } × A 2 × X, A 1 × {e A 2 } × X and A 1 × A 2 × {x}. Thus, N is trivial by the classical theorem of the cube; this yields the desired assertion.
Remark 2.5. The assumption that X is connected cannot be omitted in Theorem 1.2. Consider indeed an elliptic curve E and a scheme X, disjoint union of two nonempty closed subschemes X 1 , X 2 . Let L be the line bundle on E × E × X such that L is trivial on E × E × X 1 and L = p * 12 (M) on E × E × X 2 , where M is the line bundle on E × E associated with the divisor diag(E) − (E × {0}) − ({0} × E). Then L does not satisfy the assertion of Theorem 1.2, since M has infinite order in Pic(E × E).
Also, the seminormality assumption in characteristic 0 cannot be omitted. Indeed, let X be a scheme such that there exists a nontrivial line bundle M on X × A 1 which pulls back to the trivial bundle on X × {0} (recall from [Tr70, Thm. 3.6] that such a line bundle exists whenever X is affine and not seminormal). Consider the multiplication map µ : 3 Proof of Theorem 1.5
We will need the following preliminary result, probably known but for which we could not locate any reference:
Lemma 3.1. Let G be a group scheme, and X a G-scheme. Then X admits a G-linearized ample line bundle if and only if Xk admits a Gk-linearized ample line bundle.
Proof. Assume that X has an ample G-linearized line bundle L. Then Lk is a line bundle on Xk, which is easily seen to be Gk-linearized; also, Lk is ample by [SGA1, Exp. VIII, Cor. 5.8]. Thus, Xk is Gk-quasiprojective.
For the converse, assume that Xk has an ample Gk-linearized line bundle M. Then there exists a finite extension of fields k ′ /k and a line bundle 
; then L is an ample line bundle on X (see [EGA, II.6.6 .2]), unique up to isomorphism. We now show that L is equipped with a G-linearization. For this, we obtain an interpretation of the norm in terms of Weil restriction; see [CGP10, App. A.5] for the latter notion and its main properties.
Since X k ′ is a quasiprojective scheme, the Weil restriction The bundle map π : 
This is the fiber bundle associated with the
is the affine space associated with the k-vector space k ′ on which R k ′ /k (G m,k ′ ) acts linearly (since for any k-algebra A, we have
Thus, E is a vector bundle of rank n on X ′ ; it is equipped with a G ′ -linearization, since Weil restriction commutes with fiber products (see [CGP10, Prop. A.5 
.2]).
The determinant of E is the line bundle associated to the above
To describe the pull-back of this line bundle under 
This yields trivializations
where
, and k ′ is again viewed as a k-vector space. Note that the U ′ i do not necessarily cover X ′ , but the j
Consider the 1-cocycle (ω ij := (
) is defined by the 1-cocycle (det(ω ij )) with values in G m,k , where det(ω ij ) denotes the determinant of the multiplication by ω ij in k ′ . It follows that j * Next, we prove Theorem 1.5 under the assumption that both G and H are smooth:
Lemma 3.2. Let G be an algebraic group, H ⊂ G a closed subgroup such that G/H is finite, and X a G-scheme. If X admits an ample H-linearized line bundle, then it also admits an ample G-linearized line bundle.
Remark 3.3. Given a group scheme G, a subgroup scheme H ⊂ G and an H-schemeto a subscheme of the projectivization P(V i ), where V i is a K i -module. Thus, V i admits a G-equivariant embedding into G × K i P(V i ), and the latter is the projectivization of a G-homogeneous vector bundle (since G/K i ∼ = F r (G)/H i ). Next, we obtain a criterion for G-quasiprojectivity. To formulate it, recall a generalization of Chevalley's structure theorem due to Raynaud (see [Ra70, Lem. IX 2.7] and also [BLR90, 9.2 Thm. 1]): any connected group scheme G sits in an extension
where H is a connected affine group scheme, and A an abelian variety. Moreover, there is a smallest subgroup scheme H ⊂ G satisfying the above properties. If G is smooth and k is perfect, then H is smooth as well.
Lemma 4.1. With the above notation, the following are equivalent for a geometrically reduced scheme X equipped with a faithful action of a connected algebraic group G:
(ii) X admits an ample H-linearized line bundle.
Proof. (i)⇒(ii) By Lemma 3.1, we may assume that k is algebraically closed; then H is a connected linear algebraic group. Then the assertion follows from a theorem of Sumihiro (see [Su75, Thm. 1.6]), since the projectivization of any G-homogeneous vector bundle is a smooth quasiprojective H-variety.
(ii)⇒(i) We adapt arguments from the proof of [Br10, Thm. 2]. Let L be an ample H-linearized line bundle on X. Consider the action α : G × X → X and the projection
is a line bundle on G × X, equipped with an H-linearization for the H-action on G × X via left multiplication on G (since α is H-equivariant and p 2 is H-invariant). Since π × id X : G × X → A × X is an H-torsor for the fppf topology, there exists a line bundle N on A × X, unique up to isomorphism, such that
(as follows from a standard descent argument, already used in the proof of Lemma 2.1 (iii)). The H-linearization of L yields an isomorphism of the pull-backs of α * (L) and p * 2 (L) to H × X, i.e., a trivialization of (ι × id X )
, and e H × id X is a section of p 2 : H × X → X, this yields in turn a rigidification of N along {e A } × X. So we obtain a morphism , we obtain that ϕk : Xk → Pic Ak is Gk-equivariant (where Gk acts on Pic Ak via πk : Gk → Ak and the action of Ak by translations), and its image consists of finitely many orbits of Ak; moreover, the stabilizer of each of these orbits is finite as well. Thus, ϕ is equivariant.
We now consider the case where X is geometrically connected; then the schemetheoretic image Y of ϕ is a torsor under the quotient of A by a finite subgroup scheme. In view of [Ro56, Thm. 14] (see [Mil13, Lem. 2 .9] for a modern proof, and [Ra70, Chap. XIII] for generalizations), there exists a positive integer n and an A-equivariant morphism ψ : Y → A/A n , where A n ⊂ A denotes the kernel of the multiplication by n. Composing ψ with ϕ yields a G-equivariant morphism X → G/H n , where H n is a subgroup scheme of G containing H, and H n /H is finite. Thus, X is equivariantly isomorphic to the associated fiber bundle G × Hn Z for some closed H n -stable subscheme Z ⊂ X. By our assumption, Z admits an ample H-linearized line bundle, and hence an ample H n -linearized line bundle in view of Theorem 1.5. It follows that X is G-quasiprojective.
Finally, we handle the general case, where X is no longer assumed geometrically connected. Clearly, we may yet assume X connected. Consider again the image Y of ϕ. Then there exists a finite Galois extension K/k of fields such that Y K is the disjoint union of A K -orbits, each of them having a K-rational point. The Galois group Γ acts on the set of these orbits; this action is transitive, since X is connected. Let Y ′ ⊂ Y K be an orbit, and Γ ′ ⊂ Γ its stabilizer. Choose y
and hence yields a morphism
identically, and hence may be viewed as an A-equivariant morphism Y → A/A n . So we obtain as above that X is G-quasiprojective.
End of the proof of Theorem 1.4. We may assume that the G-action on X is faithful, by replacing G with its quotient by the kernel of that action. Consider first the case where H is smooth; in other words, H is a connected linear algebraic group. Choose an ample line bundle L on X. By [Br14] (Theorem 4.4 and Section 4.3), there exists an H-torsor f : Y → X and a positive integer n such that f * (L ⊗n ) is H-linearizable; note that the G-action on X lifts to a unique action on Y which commutes with the H-action, in view of [Br14, Prop. 4.3 (i) ]. Also, Y is locally of finite type; in fact, each y ∈ Y admits a closed G-stable neighborhood Y y which is finite over X, as follows from [Br14, Prop. 4.3 (ii)]. As a consequence, Y y admits an ample H-linearized line bundle and isétale over X at y; this yields the desired assertion in view of Lemma 4.1.
In the general case, there exists a finite, purely inseparable field extension k ′ /k and an exact sequence
where H ′ is a connected linear algebraic k ′ -group, and A ′ an abelian k ′ -variety (as follows from Chevalley's structure theorem again). Then H ′ ⊂ H k ′ , since the image of H ′ in the abelian variety A k ′ must be trivial. Moreover, the quotient H k ′ /H ′ is finite, since it is an affine subgroup scheme of the abelian variety A ′ . Arguing as in the first step, we obtain an
where Y ′ is a G k ′ -scheme, locally of finite type in the above sense. Since the natural morphism ϕ : X k ′ → X is finite and radicial, the map ϕ 
where f is an H ′ -torsor; as a consequence, Y ′ ∼ = Y k ′ . Also, the G-action on X lifts uniquely to an action on Y commuting with the H ′ -action, and every y ∈ Y admits a closed G-stable neighborhood Y y , finite over X, by [Br14, Prop. 4 .3] again.
We check that ψ is equivariant for the G k ′ -action β ′ on Y ′ , the G-action β on Y and the natural map η :
Since ϕ satisfies a similar equivariance property, we obtain
, and hence µ = 0. This gives the desired equivariance property.
By that property and the first step, (Y y ) k ′ admits an ample H ′ -linearized line bundle, and hence an ample H k ′ -linearized line bundle by Theorem 1.5. So Y y admits an ample H-linearized line bundle in view of Lemma 3.1. We conclude that Y y is G-quasiprojective, by using Lemma 4.1.
Example 4.2. Assume that the ground field k is not locally finite (that is, k is not a finite field or its algebraic closure). We construct a projective surface X, geometrically irreducible and seminormal, which is equipped with an action of a connected algebraic group G such that X consists of an open and a closed G-orbit (in particular, every Gstable neighborhood of the closed orbit is the whole X), and X admits no finiteétale G-projective cover.
By our assumption on k, there exists an elliptic curve E having a k-rational point x 0 of infinite order (see e.g. [ST67] ). Denote by π : L → E the line bundle associated with the divisor (x 0 ) − (0), where 0 is the origin of E. Since L has degree 0, the complement of the zero section in L has a structure of a commutative connected algebraic group G such that π sits in an exact sequence
Consider the projective completion of L,
ThenX is a smooth projective surface, ruled over E viaπ and equipped with two sections,
Moreover, G acts onX with three orbits: E 0 ∼ = E = G/G m , E ∞ ∼ = E, and G itself.
Let X be the scheme obtained fromX by identifying any x ∈ E 0 to τ x 0 (x) ∈ E ∞ , where τ x 0 : E → E denotes the translation (the existence of the pinched scheme X follows from [Fe03, Thm. 5.4]). Denote by η :X → X the pinching map. Since τ x 0 commutes with the G-action on E ∼ = G/G m , there is a unique G-action on X such that η is equivariant. Moreover, X has two G-orbits: a closed orbit, isomorphic to E, and an open one, isomorphic to G. As a consequence, every open G-stable subscheme of X which contains the closed orbit is the whole X.
By construction, X is a proper surface, geometrically irreducible and seminormal. We now show that X is projective. For this, we use the description of line bundles on pinched schemes obtained in [Fe03, 2.2, 7.4]: via the assignement M → η * (M), the line bundles on X correspond bijectively to the line bundlesM onX equipped with an isomorphism
whereM 0 (resp.M ∞ ) denotes the pull-back ofM to E 0 (resp. E ∞ ). Consider the line bundleM := OX (E 0 + F ),
where F denotes the fiber ofπ at 0. ThenM ∞ ∼ = O E∞ (F ) ∼ = O E (0), since E ∞ ∩F consists of the reduced point 0. Also,M 0 = O E 0 (E 0 + F ) ∼ = L ⊗ O E (0), since the normal bundle to E 0 inX is isomorphic to L, and E 0 ∩ F = {0} as schemes. As L ∼ = τ * x 0
(O E (0)) ⊗ O E (0) −1 , it follows that τ * x 0 (M ∞ ) ∼ =M 0 . Thus,M = η * (M) for some line bundle M on X. We now show that M is ample. Since η is finite, it suffices to check thatM is ample, in view of [Ha70, Prop. I.4.4]. For this, we use the Nakai-Moishezon criterion (see [Ha70,  Thm. I.5.1]). Every irreducible curve onX is rationally equivalent to a nonnegative integer combination of G m -stable irreducible curves. Thus, the cone of curves onX is generated by the classes of E 0 , E ∞ and F . Moreover, we have (M · E 0 ) = ((E 0 + F ) · E 0 ) = 1, (M · E ∞ ) = 1, (M · F ) = 1, (M ·M) = 2(E 0 · F ) = 2.
Next, we show that every morphism f : X → A is constant, where A is an abelian variety. The map η • f :X → A is constant on the fibers ofπ, since A contains no rational curve. It follows that η • f = g •π for a unique morphism g : E → A. Since η identifies E 0 and E ∞ via τ x 0 , we see that g is invariant under τ x 0 , and hence is constant as x 0 has infinite order. Thus, f is constant as well. As a consequence, X is not G-quasiprojective.
Finally, we consider a finiteétale cover ϕ : X ′ → X, where X ′ is connected and equipped with an action of G which lifts the action on X; we show that X ′ is not Gquasiprojective as well. Form the cartesian squarẽ
Then ψ is finite andétale, and G acts onX ′ so that ψ and η ′ are equivariant. Consider the connected componentsX Since the open orbit inX has trivial stabilizer, the same holds for that inX ′ i . Thus, ψ restricts to a finite birational map ψ i :X ′ i →X ′ . By Zariski's Main Theorem, it follows that ψ i is an isomorphism. Also, considering the pull-back of the above cartesian square to E ⊂ X, we obtain that ϕ −1 (E) is the disjoint union of copies E 1 , . . . , E n of E. We may index the connected components ofX ′ so that each E i is the image under η ′ of the zero section E i,0 ⊂X ′ i . Then we have (with an obvious notation) η ′−1 (E i ) = E i,0 ⊔ E j,∞ for a unique j, and the assignement σ : i → j is bijective (since X ′ has nodal singularities along each E i ). The unions of the η ′ (X ′ σ r (i) ) for a fixed i and all r ≥ 0 are closed and pairwise disjoint. Since X ′ is connected, it follows that X ′ is a cycle of copies X ′ i ofX, where E i,0 ⊂ X ′ i is identified to E i+1,∞ ⊂ X ′ i+1 via τ x 0 . Arguing as in the above step, we obtain that every morphism from X ′ to an abelian variety is constant.
Remark 4.3. The above construction makes sense, more generally, for any algebraically trivial line bundle L on an abelian variety having a k-rational point of infinite order. This yields a proper, geometrically irreducible seminormal scheme, which is generally not projective (e.g., when L is trivial).
